Abstract: This is an introduction to geography of log models with applications to positive cones of Fano type (FT) varieties and to geometry of minimal models and Mori fibrations.
Introduction
What are the relations between the LMMP and some concrete geometric results such as polyhedral properties of effective and mobile cones for FT varieties, finiteness results for modifications of FT varieties and minimal models, factorization of birational isomorphisms of Mori fibrations into Sarkisov links and birational rigidity? One possible explanation can be found by exploring the geography of log models. This paper presents this explanation, originally introduced in [12, 25] and partially developed in [5] .
We always assume the LMMP and the semiampleness conjecture. One can find detailed information about these conjectures and their variations in Section 2.
LMMP and semiampleness
This section gives an overview of the LMMP and semiampleness, and detailed assumptions for the statements of the paper. We use the basic notions and notations from [12, 13, 16] . Below we recall some of them.
Model
Let X /Z be a morphism of varieties. A variety means a geometrically reduced and irreducible normal algebraic variety over some field , usually, of characteristic 0 (not necessarily algebraically closed). The role of the last assumption will be explained below. According to the following we can suppose that X /Z is proper. T 2 are biregular isomorphisms. Usually, the adjective "natural" is omitted. The symbol ∼ = or = denotes a natural isomorphism and ≈ any other. For example, a quadratic transformation X = P 2 Y = P 2 gives a model Y = P 2 of X = P 2 which is unnaturally isomorphic to X = P 2 (see Example 3.6 below).
There are two subtleties in the model theory. First, we can consider local and even formal theory, that is, we can replace Z by a local or formal germ of Z at some scheme point 0 ∈ Z . This gives local and formal models over Z whereas models over a variety Z , especially for projective Z , are known as global. For simplicity, the reader can suppose that all models are global. However, everything works the same for local and formal models. Second, we consider models of pairs. This leads to the theory of log models. where S = =1 S is a fixed finite reduced b-divisor. An element B ∈ B S will be referred to as a boundary divisor even when it is actually a b-boundary.
The relations ≡, ∼ R and the properties such as ampleness, nefness, ≡ 0, bigness for divisors on X /Z will always be treated relatively over Z . Y depend on S. However, if S is a usual divisor (i.e., a b-divisor without exceptional components) on X , the divisors B log and B log Y are independent of S.
Log model

Let (X /
Z
Initial model
It 
Weakly log canonical model
It is an initial model (X /Z B) with a nef divisor K + B. The pair is a log canonical (lc) model if K + B is ample. An initial model Y /Z B log
Y of (X /Z B) is called a weakly log canonical (wlc) model of (X /Z B) if Y /Z B log
Mori log fibration
It is an elementary Fano log fibration [12, Definition 1.6 (v) By [25, 2.4.3-4] , the image X lcm and the rational map X X lcm depend only on the pair (X /Z B). Thus we can write X lcm instead of Y lcm . Furthermore, it is known that the rational Iitaka contraction I and its image X lcm depend only on the ∼ lcm -class by definition (see Corollary 3.11) . In particular, the contraction I is independent of B modulo ∼ wlc .
Mobile decomposition
The 
Numerical Kodaira dimension
Given a pair (X /Z B) with B ∈ B S , we define the relative numerical Kodaira dimension ν(X /Z B) (= ν(B)
)
Characteristic 0
Most of the results in this paper, if not all, can be established under the following assumptions: existence of log resolutions, the LMMP and the semiampleness. Of course, by the subsection LMMP above we can include log resolutions into the LMMP. Indeed, to construct an (slt) initial model of (X /Z B), one can use a log resolution (see Initial model above). However, usually it is not useful especially in characteristic 0, because in that case a log resolution always exists. Moreover, in characteristic 0 some parts of the LMMP are established or announced: the cone theorem, the contraction of an extremal ray and existence of some special flips (e.g., slt). According to the proofs, these results require projectivity of Y /Z . The main remaining problem is termination. A weak termination, that is, some sequence of flips terminates, is sufficient for many results in birational geometry, in particular, for this paper (cf. Assumptions for our results below). Thus we assume the weak termination in the LMMP. Note also, that in characteristic 0, the semiampleness holds for any nef divisor of relative FT varieties.
The LMMP with the usual termination is established only in dimension ≤ 3 [25] and the slt LMMP with weak termination in dimension 4 [27] . The klt big LMMP with weak termination is established in all dimensions, see in [2] . The "big" means that B is big for an initial model, or equivalently, the same holds for each initial model.
Assumptions for our results
Since the LMMP is still not established even in characteristic 0 and some of our results use it in the proofs, we prefer to put explicitly what is needed in each statement even though some of assumptions are already proved. In the applications of low dimensions, we do not do this. So, in addition to the assumptions in Characteristic 0, we need the following. Note that the big Conjecture 2.1 means that of for big K + B. Needed assumptions are mentioned after colons and each assumption is sufficient in the dimension of varieties of the statement and the dimension ≥ 4.
• Proposition 3.1: the slt LMMP and big Conjecture 2.1.
• Proposition 3.3: Conjecture 2.1.
• Theorem 3.4: the slt LMMP; the klt (big) LMMP for any convex closed polyhedral subset of klt (respectively big) boundaries in B S on some slt initial model.
• Proposition 3.10: the slt LMMP; etc. as Theorem 3.4.
• Corollary 3.11: the slt LMMP; etc. as Theorem 3.4; Conjecture 2.1 in (2) (not needed for the klt big case).
• Corollary 3.12: the slt LMMP; etc. as Theorem 3.4.
• Corollary 3.13: the slt LMMP; etc. as Theorem 3.4.
• Proposition 4.2: the klt slt LMMP and Conjecture 2.1 for klt pairs with Q-boundaries; the klt slt big LMMP for any convex closed polyhedral subset of klt big boundaries.
• Proposition 4.3: the klt slt LMMP and Conjecture 2.1 for klt pairs with Q-boundaries; etc. as Proposition 4.2.
• Corollary 4.4: the klt slt big LMMP. Comment: It looks that char = 0 is only needed for the coincidence ≡ and ∼ R . For arbitrary characteristic, one can use Conjecture 2.1.
• Corollary 4.5: the klt slt big LMMP. Comment as in Corollary 4.4.
• Corollary 5.1: the klt slt LMMP and Conjecture 2.1 for klt pairs with Q-boundaries; etc. as Proposition 4.2.
• Corollary 5.2: the klt slt big LMMP.
• Corollary 5.3: the klt slt big LMMP.
• Corollary 5.4: the klt slt big LMMP.
• Corollary 5.5: the klt slt big LMMP.
• Theorem 5.6: the klt slt big LMMP.
• Corollary 5.7: the klt slt big LMMP.
• Corollary 5.8: the klt slt LMMP and Conjecture 2.1 for klt pairs with Q-boundaries; etc. as Proposition 4.2.
• Corollary 5.9: the klt slt big LMMP.
• Corollary 5.10: the klt slt big LMMP.
• Corollary 5.11: the klt slt big LMMP.
• Corollary 5.12: the klt slt big LMMP.
• Proposition 5.13: for FT varieties, the klt slt big LMMP.
• Proposition 5.14: the klt slt big LMMP.
• Proposition 6.1*: the slt LMMP.
• Proposition 6.2*: the slt LMMP.
• Lemma 6.3*: the slt LMMP.
• Proposition 6.4*: the slt LMMP.
• Proposition 6.5*: the slt LMMP.
• Corollary 6.6*: the slt LMMP.
("*" can be treated as Theorem 3.4 for any convex closed polyhedral subset in B S , respectively any closed polyhedral subset in S S .)
• Theorem 6.7: the slt LMMP; for any closed convex polyhedral subset in B S with klt boundaries, the klt slt big LMMP.
• Lemma 6.8: the klt slt big LMMP.
• Theorem 6.9: the slt LMMP; etc. as Theorem 6.7.
• Corollary 6.10: the klt slt big LMMP.
• Theorem 6.11: the slt LMMP; etc. as Theorem 6.7.
• Corollary 6.12: the klt slt big LMMP.
• Corollary 6.13: the klt slt big LMMP.
• Theorem 7.2: the trm slt big LMMP. Comment: trm slt implies klt in dimensions ≥ 2. We prefer slt because it includes the Q-factorial and projective properties.
• Corollary 7.3: the trm slt big LMMP.
• Theorem 7.6: the trm slt big LMMP.
• Corollary 7.7: the trm slt big LMMP.
• Corollary 7.8: the trm slt big LMMP.
Geography of log models
Take a pair (X /Z S) where X /Z is a proper morphism and S = S is a reduced b-divisor of X /Z with the distinct prime components S . In this section we introduce 5 equivalence relations on the unit cube:
An element B ∈ B S will be referred to as a boundary divisor even when it is actually a b-boundary. For the concepts of the LMMP used in these relations, see Section 2.
Model equivalence
Boundaries B B ∈ B S are model equivalent, denoted by B ∼ mod B , if the pairs (X /Z B), (X /Z B ) have the same set of resulting models [12, 2.9] . 
Weakly log canonical equivalence
Mobile equivalence
Boundaries B B ∈ B S are mobile equivalent, denoted by B ∼ mob B , if the positive parts P(B) P(B ) of both b-divisors + B log + B log have the same signs with respect to the curves on rather high models Y /Z . On a rather high model we can take any model Y /Z over some wlc models of (X /Z B), (X /Z B ).
Fixed equivalence
Boundaries B B ∈ B S are fix equivalent, denoted by B ∼ fix B , if the fixed parts F (B) F (B ) of both b-divisors + B log + B log have the same signs of their multiplicities, that is: for any prime b-divisor D,
Note that all the relations above are defined on all of B S .
The resulting models obtained by the LMMP are at least projective and even slt by the slt LMMP. An abstract definition of resulting models gives a larger class of them. However, according to the following it is enough to consider only the good ones: projective Q-factorial wlc models, e.g., slt wlc models.
Proposition 3.1.
The equivalence ∼ wlc for projective Q-factorial wlc models is the same as that for all wlc models.
Proof. Any non Q-factorial wlc model can be obtained by a crepant contraction of some Q-factorial wlc model that gives a wlc model by the semiampleness. Any Q-factorial nonprojective wlc model can be obtained from a projective, Q-factorial wlc model by a (generalized) log flop. Both constructions use the slt LMMP and [25] . Thus if the pairs have the same projective, Q-factorial, numerically equivalent models, they have the same numerically equivalent wlc models.
The converse statement means that each projective, Q-factorial wlc model of (X /Z B) will also be a projective and Q-factorial wlc model of (X /Z B ) when B ∼ wlc B (cf. the proof of Lemma 3.7).
Convention 3.2.
The model equivalences ∼ mod ∼ wlc are defined for projective and Q-factorial resulting models of pairs. In fact, we can even use slt wlc models since Proposition 3.1 holds for slt wlc models too. In most of constructions below, we use slt wlc resulting models. However, slt wlc models are not stable for limits of boundaries (see Lemma 3.9).
The following relations hold for model equivalences.
Proposition 3.3.
We have the following implications:
Proof. Immediate by definition and the semiampleness (see Conjecture 2.1).
In general,
For example, ∼ fix ⇒∼ mod follows from the fact that the small modifications of flopping facets preserve the ∼ fix equivalence relation but not ∼ mod (see Theorem 6.9, 6.11).
Define the subset of B S :
Equivalently, we can also use the condition: ν(X /Z B) ≥ 0 (see Numerical Kodaira dimension in Section 2). Moreover, by the semiampleness (Conjecture 2.1), this is equivalent to nonnegativity of (invariant) Kodaira dimension (see Kodaira dimension in Section 2): κ(X /Z B) ≥ 0.
Proposition 3.3 implies that ∼ wlc is the finest of the model equivalences on N S . Thus, for pairs with wlc models, finiteness and polyhedral properties for all equivalence relations follow from those of ∼ wlc . All the above equivalence relations, except for ∼ mod , are not interesting outside N S because they are trivial on B S \ N S . It is expected that many similar properties hold for ∼ mod on B S in the case of Mori log fibrations [12] and they play an important role for the genuine Sarkisov program.
Recall that D S is the R-vector space of b-divisors spanned by S:
The space D S contains the cube B S .
A convex polyhedron P in D S is a set defined by the intersection of finitely many (open or closed) half spaces and hyperplanes in D S . A polyhedron is a finite union of convex polyhedrons. A convex polyhedron P is said to be open in D S if the half spaces in the intersection are open. The closure P, the interior Int P, and the boundary ∂P of a convex polyhedron P will be taken in its linear span, the minimal intersection of hyperplanes containing P. A face F of a convex polyhedron P is the intersection F = P ∩ H (possibly ∅ or P itself) for some hyperplane H = { = 0} such that P { ≥ 0}. A facet of P is a maximal face, that is, a face of dimension dim P − 1. A ridge is a facet of a facet. Let P be a convex polyhedron in B S . A facet (face) F of P is given by a facet F of B S if F = P ∩ F . The facet (resp. face) F is given by the equation = 0 or 1. Thus F can be given in P by one of these equations. Note the following property of the linear function on D S : if = 1 (respectively 0) in B ∈ Int F and < 1 (respectively > 0) at some point of P, then = 1 (respectively 0) on F and < 1 (respectively > 0) in P \ F.
For two distinct vectors
By a geography on N S , we mean a finite rational polyhedral decomposition of it. The subsets P ⊆ N S of such a decomposition will be referred to as classes or just polyhedrons. We call a class C of maximal dimension, dim R N S , a country, a class F of codimension 1 a facet, and a class R of codimension 2 a ridge.
According to the following, each of the above equivalence relations defines a geography on N S , but the notations N S will be reserved only for the wlc geography given by ∼ wlc . Thus we consider N S as a set with the structure given by ∼ wlc .
Let F be a minimal face of B S which contains a polyhedron P. We say that a polyhedron P is open in In this example, we have the following:
2. there are three ∼ wlc classes in N S :
3. there are two ∼ lcm classes:
Example 3.6.
Suppose that X 1 = P 2 and X 2 = P 2 are related by a standard quadratic transformation. Choose a general nonsingular prime b-divisor D ∈ |4H | where H is a straight line on X for = 1 2. Consider the geography in the unit cube B S where
Figure 2.
In particular, We say that a set P in a finite dimensional R-vector space V is locally conical if for any point in V , there exists an open neighborhood U containing such that the intersection U ∩ P is conical. In other words, for any ∈ U, either ( ) ⊆ P or ( ) ∩ P = ∅. A decomposition of a set into disjoint subsets P is said to be locally conical if each P is locally conical with the same U. As we will see shortly, any wlc geography is a locally conical decomposition of N S . 
Proof. Immediate by definition.
Proof of Theorem 3.4. First, we establish finiteness, convexity, and polyhedral properties for the closures P of the classes in the geography. Note that the closures do not give a decomposition but, by Lemma 3.9, N S is a finite union of these closures. In particular, N S is closed.
The convexity of wlc classes follows from Lemma 3.7.
The polyhedral property of P follows from the locally conical property of P by Lemma 3.8 and its compactness. The conical property for P follows from that of P: the closure of a locally conical set is locally conical. But P is locally conical by the stability of wlc models. This means the following: take B ∈ N S , and let Y /Z B log These established facts imply all stated properties of N S , except for the convexity and rationality of N S . Note that convexity follows from the convexity of positive parts: for all 0 ≤ , ∈ R, + = 1,
The slt LMMP assumption is sufficient here. The proof of the rationality (of N S P) and the open property (of P) uses properties of functions (C B), (D B) introduced below. Actually, for each P there exist finitely many curves C /Z on a rather high model and finitely many prime b-divisors D such that P in P can be given by the system of inequalities:
In particular, these inequalities determine any country C in N S while N S itself is given in B S (more accurately, in the minimal face containing N S ) by nonstrict inequalities (C B) (D B) ≥ 0 for some curves C /Z and some b-divisors D , where the linear functions (C B), (D B) are extensions of linear functions given by (C B), (D B), respectively on the linear span of N S which will be explained in the continuation of the proof by the end of the section, and equations (of the face) = 0 or 1. The closure P of any other lower dimensional class P lies in a face of dimension dim R P of some country C (cf. Corollary 3.12) and thus P can be given in B S by strict inequalities and equations:
(to be continued)
On a rather high model V /Z of X /Z and for a curve C on V /Z , the function ( 
where The convex property of (C B) from above and of (D B) from below follow from the inequalities:
, where ≥ 0 and + = 1.
Corollary 3.11.
For any curve C on a rather high model V /Z of X /Z and for any prime b-divisor D of X /Z , the functions (C B), (D B)
satisfy the following. 
Corollary 3.12.
Let P be a class of N S and F be its face. Then Int F ⊆ P for some class P of N S . In particular, Int P ⊆ P = P. Thus the geography N S is determined up to finitely many possibilities by its countries C and even their closures C.
Note that P is a convex polyhedron by the first half of the proof of Theorem 3.4.
Proof. Immediate by Proposition 3.10 and Corollary 3.11 (1) . An elementary property of linear functions is useful here: a nonnegative linear function on a convex polyhedron F = F has the same sign on Int F.
Corollary 3.13.
Let P be a class of N S , F be its facet, and V /Z be a rather high model of X /Z . Then either • F is given by a facet of B S ;
• there exists a curve C on a rather high model V /Z of X /Z such that (C P) > 0 and (C F) = 0; or Proof. Take B ∈ Int F, and an outer direction
Y be a wlc model of (X /Z B) which is a limit of (slt) wlc model Y /Z B log Y of (X /Z B ) for B ∈ P (e.g., along BC ; see Lemma 3.9).
By the polyhedral property of lc [23, 1.3.2] , only the following three cases are possible: The case (iii) itself has two subcases: for all B ∈ − → BC in a neighborhood of B,
is not a wlc model; or
Y is a wlc model but not of (X /Z B ). Moreover, the linear span of N S can be given in D S by equations = 1. In particular, the span is rational.
The rationality of N S , of the polyhedrons P, and the open property of the classes P follow from Corollaries 3.12 and 3.13. This gives also required equations and inequalities. The linear function (C B) on the linear span of P is determined by the linear function (C B) on P, in particular, these functions with (C F) = 0 for a facet F of P will suffice. Similarly, one can introduce functions (D B). Finally, the interior Int F of a face of P given by a facet of B S , belongs to P or is disjoint from it.
If P P are two classes and P is a face of P, then Int P ∩ P = ∅. Conversely, if Int P ∩ P = ∅ but P is not a face of P, then by Corollary 3.12, ∅ = Int P ∩ P = Int P . Moreover, by the convexity of classes and of N S , we can suppose that P contains a face F of P (maybe for different P) which is a polyhedron of the same dimension as P and with F = P ∩ P = P . Hence there exists a facet F ⊃ F of P which contains an internal point of P . This gives a contradiction with Corollary 3.13. For example, if F is given by a facet of B S with an equation = 0 or 1, then = 0 or 1 respectively on P , in particular, on F , and thus on P, a contradiction. Similarly for other functions.
Positive cones
For first applications of geography, we recall and define natural cones in D S and N 1 (X /Z ). Let W /Z be a model of X /Z , and S = S be a reduced b-divisor of X /Z . Our numerical space N 1 (X /Z ) denotes the space of R-divisors, not necessarily R-Cartier, modulo the numerical equivalence ≡. Nonetheless, the relative Weil-Picard (class) number
Semiample cones
In the numerical space N 1 (X /Z ) and in the space of b-divisors D S , respectively, the cones
Nef cones
In N 1 (X /Z ), D S , respectively, the cones
are defined and closed. In the projective case, they are the closures of the ample (Kähler) cones. The cone Nef (X /Z ) is dual to the Kleiman-Mori cone, the closure of the cone of curves. Thus its polyhedral properties are related to the cone of curves (the Mori theory). However, we consider only cones of divisors (see Corollary 4.5).
Mobile cones
Effective cones
In general, the numerical equivalence ≡ of divisors does not preserve the semiampleness and mobile properties of divisors while clearly ∼ R does. Thus introducing cones in the numerical space, we had a choice to assume such a property on the whole class [D] or on some representative D ∈ [D] . We choose the second one to have a larger cone. According to the choice, the linear map [ ] agrees with the ∼ R equivalence property and the numerical one (cf. the proof of Corollary 4.4). It is well-known that the above cones, numerical and linear, are convex and satisfy the inclusions
We recall also that
is a pair with a proper morphism X /Z and a boundary B on X such that (X B) is klt and K + B ∼ R 0, or equivalently K + B ≡ 0 according to [1] ; and In what follows, we say that two sets S 1 S 2 (cones or polyhedrons) coincide in U if
Let (X /Z B) be a 0-log pair and put S = Supp B. Then there exists a neighborhood U of 0 in D S in which
where P X is the closure of a maximal dimensional class P X of wlc models with Y = X , P 0 X are the classes of wlc models with Y = X , and P 
Proof. First we clarify the statement. Let B ∈ P ⊆ N S be a boundary in a class P. If the pair (X /Z B ) has a wlc model (Y /Z B Y ) for which X Y is a small birational isomorphism, that is, an isomorphism in codimension 1, we denote the corresponding class by P = P 1 X . In particular, if Y = X , we have isomorphism in codimension ≤ dim X , or in dimension ≥ 0, and we denote it by P 0 X . If X is nonprojective or/and non Q-factorial, we allow such models. But if we have to follow Convention 3.2, we need to replace the models by their small projective Q-factorializations [12, Corollary 6.7] (cf. Proposition 3.1). For B ∈ P 0 X , in addition, we suppose that (X /Z B ) (Y /Z B Y ) is a small log flop. Thus we can replace X /Z by a small projective Q-factorialization. Now we choose a conical neighborhood U of 0 ∈ D S such that,
• for each D ∈ U, the pair (X /Z B ) with B = B+D is a klt initial model of itself, including the boundary condition;
• (U + B) ∩ P is conical for each class P ⊆ N S (this is sufficient for the classes P with B ∈ P). Such a neighborhood exists by our assumptions and by Theorem 3.4.
This gives the required equalities and mob+exc decompositions. Indeed, since (X B ) is lc, the R-mobile part M of D is ∼ R P(B ) X and respectively, the very exceptional part E is F (B ) X . The R-linear decomposition gives the numerical one because the former is essentially numerical by the LMMP (see [26, Definition 3.3 and Proposition 3.4] ). The semiampleness gives the equality sA S (X /Z ) = Nef S (X /Z ). The closed property and the equalities with closures follow from Lemma 3.9 or Corollary 3.11 (1) .
Finally, by Corollary 3.11 (1) , by convexity of Nef S (X /Z ) and by the open property of classes, Int Nef S (X /Z ) = P X holds for one class P X (cf. [27, Lemma 2] ).
To construct all the required models, the klt slt LMMP is sufficient, and for contractions of those models, the semiampleness for klt Q-boundaries is sufficient (see Corollary 2.2).
Corollary 4.3.
Let (X /Z B) be a 0-log pair and S ⊆ Supp B be a reduced divisor on X . Then the cones 
Corollary 4.4.
Let (X /Z B) be a 0-log pair such that prime components of S = Supp B generate N 1 (X /Z ). Then the cones 
Since prime components S of S generate N 1 (X /Z ), the map [ ] and the induced maps of cones are surjective, what gives the above implication by Corollary 4.3. The surjectivity for cones uses the following: ∼ R can be replaced by ≡ in the definition of cones in D S by the same corollary. Moreover, the coincidence of ≡ and ∼ R holds on X /Z . This is well-known for projective X /Z [5, Lemma 4.1.12] (the proof uses the assumption that char = 0; possibly, Conjecture 2.1 in the positive characteristic allows us to omit the assumption). The general case uses the rationality of singularities of X .
All required models in construction will be FT varieties by Lemma 4.1. Semiampleness holds for FT varieties in characteristic 0: for Q-divisors, it holds by the base freeness of [22] , which is sufficient for R-divisors by Corollary 2.2 (cf. [27, Corollary 10] ). By Lemma 4.1, the big klt slt LMMP is sufficient for the FT varieties. 
Corollary 4.5.
Let X /Z be an FT variety, and S be a reduced divisor of X . Then the cones
We will give a natural decomposition of the cones Eff (
Finiteness results for log models
Let (X /Z B) be a 0-log pair and S = Supp B. Then the geography of N S in Proposition 4.2 induces a finite decomposition of the cone E S (X /Z ) into open convex rational polyhedral subcones P. The open and polyhedral properties follow from that of classes in N S by Theorem 3.4. Note that B is an internal point of B S . This decomposition gives also a decomposition of E S (X /Z ) for any reduced S ≤ S by Corollary 4.3; its subcones will be called also classes. To give an internal interpretation of this decomposition, we introduce the following relation. In particular, this gives polyhedral decompositions of cones Eff (
, when prime components of S = Supp B generate N 1 (X /Z ), and for FT varieties X /Z . The decomposition of mobile cones Mob (X /Z ), M S (X /Z ) is interesting for applications (see Proposition 5.14) rather than their general structure: each class of these cones is a class in Eff (X /Z ) or E S (X /Z ) respectively and it is determined by its 1-contraction (E = 0). So, we focus on classes of effective cones. Proof. It is well known that, in this situation, the D-MMP is equal to the LMMP with an initial model (X /Z B + εD) for 0 < ε and εD ∈ U of Proposition 4.2. Each birational transformation is a rational 1-contraction and they are not isomorphic as log pairs (monotonicity) of log discrepancies. Existence of transformations (divisorial contractions and flips) and their termination hold by the klt slt LMMP. In the pseudo-effective case, we get a wlc model and the required rational 1-contraction by the semiampleness. Otherwise, D will be negative on some fibration and thus not pseudo-effective. We conclude the section with results that shed some light on terminology: a mobile cone Mob (X /Z ) as a polarizations cone.
Proposition 5.13.
Let X /Z be a variety with a reduced divisor S and : X Y /Z be a small isomorphism. Then induces an isomorphism
Proof. We use the birational invariance of mob+exc decomposition. Of course, all definitions work and the result holds for general X /Z but cones are not necessarily closed nor polyhedral.
Proposition 5.14. 
Let X /Z be an FT variety, and P be the classes in
Mob (X /Z ) with rational 1-contractions X Y P /Z . Then Mob (X /Z ) = P Amp (Y P /Z ) in N 1 (X /Z ), where Amp (Y P /Z ) is the ample cone. Furthermore, P = Amp (Y P /Z ), P = sAmp (Y P /Z ) = Nef (Y P /Z ) in N 1 (X /Z ).
Proof.
Geography generalities
The points of polyhedron N S fill up the cube B S .
Proposition 6.1. 
Proof. The monotonicity is immediate by the inequality for Kodaira dimensions:
However, the slt LMMP is sufficient. For this, one can use the stability of wlc models [27] . Indeed, by the compact and convex property of N S , there exists a maximal D ∈ N S in the direction 
Proposition 6.2.
S S is a closed rational polyhedron (usually nonconvex), and Proof. Immediate by Theorem 3.4 and Proposition 6.1.
The separatrix plays an important role in birational geometry of uniruled varieties, because it divides Mori log fibrations from wlc models (see Corollary 6.6). To factorize the birational transformations of these fibrations into more elementary standard transformations (links), we will use a path on S S connecting corresponding points. The best one would be a segment on S S connecting the points but the separatrix is usually not convex. Thus we can use geodesics on S S according to the Euclidean metric of the ambient space D S or induced by a projection. We prefer a natural projection from the origin 0 S of the face of geography Proof. Immediate by Theorem 3.4 and Proposition 6.1. The 1-to-1 property follows from definition. is a wlc model of (X /Z B) not slt or not of general type, e.g., for B ∈ S S , we can convert it to a polarized wlc model. Indeed, if S is sufficiently larger than S, the geography N S is of general type, and B belongs to a face of a country C ⊆ N S . Thus (X /Z B ) where B ∈ C, has an lc model (X lcm /Z B lcm ), and by Lemma 3.9 a limit of such models gives a wlc model Y /Z B log Y of (X /Z B) (might be different from Y above or/and not slt; cf. with Convention 3.2) with a polarization of Y /Z = X lcm /Z . Moreover, as we will see below, for a good choice of S , Y /Z will be Q-factorial. Of course, the variety X lcm /Z obtained by a perturbation is not unique. Nonetheless it is useful (see Corollary 6.10 and Theorem 7.2).
Geography of general type
It is a geography N S containing a boundary B such that the pair (X /Z B) is of general type. This assumes that the geography N S is equipped with certain functions, e.g., (C B), (D B) of Section 3, ν(B), κ(B), etc. One of these functions is the numerical Kodaira dimension ν(B)
.
Generality conditions
In what follows we assume that S is a reduced divisor, (X /Z S) is an slt initial pair of general type, and components of S generate N 1 (X /Z ). It is easy to satisfy these conditions on a log resolution of (X /Z S) after an extension of S.
Each country in such a geography has a unique model.
Theorem 6.7.
Under the generality conditions on (X /Z S), let B ∈ Int C be an internal point of a country C in the geography N S . Then (X /Z B) has a unique wlc model Y /Z B log Y . Moreover, the model is a klt slt wlc model of (X /Z B), in particular, B log Y = B Y , Y /Z is projective Q-factorial, depending only on C, and the model is lc; components of S Y generate N 1 (Y /Z ).
The key instrument to investigate generic geographies is the following. 
Lemma 6.8.
Under the generality conditions on (X /Z B), let (Y /Z B Y ) be a klt slt wlc model of (X /Z B) for a boundary B in a subclass
By construction and the definition of ∼ wlc , P Y lies in the kernel of the last map. Thus
Finally, note that the constructed model Y /T can be different from the one in the statement of lemma. However, the difference is in a log flop. By Corollary 5.11, it is a composition of elementary small birational transformations which preserve the required properties. Models of facets and ridges for a generic geography also behave quite controllable. In dimension = dim X = 1, all facets are bordering and ridges only cube bordering. In dimension = 2, flopping facets are impossible and the birational modifications of ridges are only divisorial (see the classification of ridges below).
Proof of Theorem 6.7. Let (Y /Z B log
Y ) be an slt wlc model of (X /Z B). Since the latter pair is klt initial, the former pair is klt and B log
We divide facets into two types according to their location in N S : bordering and internal. Furthermore, they are divided into two subtypes, respectively: cube bordering, (Mori ) fibering and flopping, divisorial. Let F be a facet of N S under the generality conditions, B ∈ Int F, and Y /Z B log Y be a projective wlc model of (X /Z B). First, we describe neighboring classes and properties of their models (only projective, possibly not Q-factorial) and then prove them (see the proof of Theorem 6.9).
Cube bordering
The facet F is bordering for N S and its closure F lies in a facet of B S , or satisfies an equation = 0 or 1 in N S . In this case, Y /Z B log Y can be non-klt. If it is klt, the wlc models can be classified as types below. We are not interested in this because after a perturbation we have internal boundaries (see the proof of Corollary 6.10).
(Mori) fibering
The facet F ⊆ S S is also bordering for 
is a klt slt wlc model of (X /Z B) and Y has a Mori log fibration Y → T = X
Flopping
The facet is internal for N S : Int F ⊂ Int N S , and F is a facet of two (neighboring) countries C 1 C 2 in N S . The pair (X /Z B) has exactly three wlc models which are klt of general type and related by an elementary small flop, extraction or contraction. Countries C 1 C 2 give exactly two slt wlc models (
are lc models of (X /Z B ) for B ∈ C 1 C 2 , respectively. These models of (X /Z B) are limiting from 
Divisorial
The facet is also internal for N S : Int F ⊂ Int N S , and F is a facet of two (neighboring) countries C 1 C 2 in N S . The pair (X /Z B) has exactly two wlc models which are klt of general type and related by an elementary divisorial extraction or contraction of a prime divisor D. The country C 1 gives exactly one slt wlc model ( Theorem 6.9. We divide ridges also into two types according to their location in N S : bordering and internal. Furthermore, the bordering ones are divided into two subtypes: cube bordering and (Mori) fibering. The internal ridges correspond to general type and will be also referred to as birational. In its turn, fibering and birational types have three subtypes each. Essentially they can be divided into types as only flopping, divisorial and flopping, etc. But we prefer just a conventional ordering 2A, 2B, etc: e.g., 2B means fibering of type B.
Under the generality conditions on (X /Z S), let
So, let R be a ridge of N S under the generality conditions, B ∈ Int R, and Y /Z B log Y be a projective wlc model of (X /Z B). First, we describe the neighboring classes and properties of their models (only projective, possibly not Q-factorial) and then prove the statements (see the proof of Theorem 6.11).
Cube bordering
The ridge R is bordering, that is, R ⊂ ∂N S , and the closure R lies either in a ridge of B S , or in a facet F of B S . In the former case, R satisfies two equations = 0 or 1, = 0 or 1 in N S . In the latter case, F satisfies an equation = 0 or 1 in B S and R is a ridge of N S in F. In both cases, Y /Z B log Y can be non-klt. If it is klt, the wlc models can be classified as types below. 
Fibering or 2
The ridge R ⊂ S S is also bordering for N S but B ∈ Int B S . Equivalently, Int R ⊂ S S \ ∂B S . The closure R is a facet of + 1 ≥ 2 (neighboring) facets F 1 F +1 in N S , and a ridge of countries C 1 C ; C has (closed) facets F F +1 (see Figure 5) . Each T , 1 ≤ ≤ + 1, has a natural contraction to T , T /T is extremal, FT and fibered for 2 ≤ ≤ . The base T is not Q-factorial exactly when T 1 /T is small. The base T is Q-factorial for dim T ≤ 2, in particular, in dimension ≤ 3, and for types 2A with = 1, 2B-C. In all other cases, T can be non Q-factorial.
The pair (X /Z B) has exactly two wlc models ( 
is a Q-factorial projective wlc model of (X /Z B) but not an slt wlc model of (X /Z B). The similar holds for F . There are no other projective wlc models of (X /Z B) than above. 
, that is, they are natural isomorphic over the general points of T 1 T +1 , if and only if the facets
Other equations for the divisorial and flopping facets were given in Theorem 6.9. 
The total birational transformation of fibrations:
Fibering B or 2B
(The Sarkisov link of type I and its inverse type III.) 
Y /T
The total birational transformation of fibrations: 
The total birational transformation of fibrations: Any two subsequent facets F F +1 are strictly in a half-plane. All facets are birational: flopping or divisorial. Let T Y , 1 ≤ ≤ , be lc models of the birational facets F and of countries C , respectively. If there is a divisorial facet, we suppose that F 2 is divisorial with contraction
Any variety Y is Q-factorial, and T is Q-factorial if and only if F is divisorial. The base T is Q-factorial if and only if there are two subsequent divisorial facets 
Birational B or 3B
The Weil-Picard number dim R N 1 (T /T ) = 1, and the only divisorial facets are 
Any subsequence Y Y of flops is directed with respect to a polarization on Y /T , and the flopping facets F are strictly in a half-plane. Moreover, the facets F , 2 ≤ ≤ , are in a half-plane and strictly exactly when F 2 F are not coplanar. In general, the configuration of facets and countries is not symmetric, in particular, pairs of facets F 1 F and F 2 F are not coplanar. However, two facets 
Birational C or 3C
The Weil-Picard number dim R N 1 (T /T ) = 0, ≥ 4, the only divisorial facets are 
Any subsequence Y Y of flops is directed with respect to a polarization on Y /T , and the flopping facets F are strictly in a half-plane. Moreover, the facets F , 3 ≤ ≤ + 1 = 1 and 2 ≤ ≤ , respectively, are in a half-plane and strictly exactly when F 1 F 3 and F 2 F , respectively, are not coplanar. In general, the configuration of facets and countries is not symmetric, in particular, pairs of facets F 1 F 3 and F 2 F are not coplanar. However, pairs . Note that the contraction T /T is not small, but extremal, and
is R-Cartier, or equivalently B is coplanar with F . In this situation, for B ∈ C 1 (respectively B ∈ C ), a generalized log flip with respect to B or a generalized directed log flop of (T /T B) with the polarization Proof. To The following finiteness is a key to birational factorizations. Example 6.14.
All possible central models with links in dimension 2 with Z = pt, F = 0, = , e.g., = C, and terminal singularities; i.e., nonsingular (see links in Mori category in Section 7), are as follows:
2B: P 2 ← F 1 → P 1 /T = pt, a blowup of the plane P 2 ;
2C: F ← Bl F → F /T = C , the standard fiber modification, where F F are P 1 -fibrations over a nonsingular curve C and Bl F is a blowup of F with blowdown of another curve to F . Note that the last model is ∼ = P 1 / (C ).
There are much more such links (≥ 70) and central models in dimension 3 in the nonsingular case, and thousands are expected for terminal singularities.
Linkage
Links +1 over the lc model of (X V ) can be rather high. In general, it is expected that a Mori fibration Y /T is weakly rigid if its general fiber is weakly rigid and Y /T is sufficiently twisted, e.g., the discriminant locus is large or the map of T into moduli of fibers has a large degree. Moreover, in higher dimensions, a rather general Mori fibration Y /T is usually rigid/T = Z if its general fiber is rigid. We will treat this with more details and applications elsewhere. Here we only illustrate this in some special cases usually assuming Z = pt.
The number in (i) is the sum of degrees of points in C , the fibers over which are not smoothable. The condition (ii) is geometrical and, according to the proof below, (i) can be treated geometrically too. The condition in (iii) for Y /C was introduced by Grinenko [8] and is known as the K -condition (cf. where : Y → C and R + = { ∈ R | ≥ 0}. The condition in (iv) for Y /C was introduced by Pukhlikov [19] and is known as the K 2 -condition. The K 2 -condition implies the K -condition.
Proof. After a completion we can suppose that X and C = C are projective. By the weak rigidity of minimal Del
Pezzo surfaces of degree ≤ 3 [9, Proposition 3.3], each link over T = C is square birational and preserves all conditions (i)-(iv). For = 1, the links do not change X /C generically over C . For = 2 3, the only nontrivial fiberwise links are (Bertini and Geiser) involutions and they give the same fibration generically. But the (global) links/T = pt are bounded by Corollary 7.1 that contradicts (i) and (ii) with sufficiently large constants. The property (ii) is geometrical because the degree is geometrical and, actually, we need to consider moduli over an algebraically closed field. The property (i) is geometrical too because the smoothness is geometrical due to Park: the smooth compactification is unique for ≤ 3 (even ≤ 4) [17] . 
Questions
For what degrees , does the K -, or K 2 -condition hold, or the mobility not hold for almost all Del Pezzo fibrations with terminal singularities? Equivalently, for what degrees , does the condition −K ∈ Int Mob (X ), K 2 ∈ Int NE (X ), or the mobility is bounded, that is, the Del Pezzo fibrations X /C of degree with given property and with only terminal singularities form a bounded family? The same questions are especially important for Mori fibrations.
For example, the condition K 2 ∈ Int NE (X ) is unbounded for cubic Mori fibrations [3, Lemma 3.6] . It and Corollary 7. 4 give an unbounded family of terminal Gorestein weakly rigid cubic Mori fibrations/P 1 without the K 2 -condition. On the other hand, all nonsingular Mori fibrations with K -condition of degrees 1 2 and rather general of degree 3 are weakly rigid [9, Theorems 5.6, 6.4, 7.1]. Some of them does not satisfy the K 2 -condition. However, it is unknown whether the condition (iii) of Corollary 7.4 holds for some of them. The proofs of these rigidity results use the maximal singularity method and some elements of the Sarkisov program [7, 8, 19] . Probably, the latter can be replaced by Polarized linkage. Maximal singularities play a crucial role in birational geometry. Anyway, our approach improves the maximal singularity method.
Proof. It is enough to consider nonrigidity. By Theorem 7.6, the nonrigid Mori-Fano varieties are the images of the terminal Fano varieties X with dim R N 1 (X ) = 2. More precisely, the latter should have a fixed Q-factorialization and a fixed extremal ray on it. Then the image is given by modifications starting from the ray. The image gives Mori-Fano varieties for a constructive subset and is constructive itself.
